Harold’s Calculus 3
in Multiple Coordinate Systems

Cheat Sheet
15 October 2025

Rectangular Polar/Cylindrical Spherical Parametric
2D: (r,0) orrc@
flx)=y (p,6,9)
(x,y) or (a,b) Polar =2 Rect. Rect. =2 Polar
x=psingcosO
f(x3D):—Z X =71rcosf r2=x2+y2 y=€sin¢)sin9
(x}; 2) y =rsinf r= Jx2+ y? z=pcosd Point (a, b) in Rectangular :
o 2=z — tan-1(2 2 _ .2 2 x(t)=a
y 0 =tan pe=r°+z -
4D: tang = = x p?= x24y? 4 22 y@)=b T = (X0,Y0,20)
Point P x <ab> [a] [x]= [b]
(x,v,2z,w) NOTE: y = xi+yj+zk
tan—1 (X) returns tan 6 = (—) t = 3", variable, usually time,
x X ,
angles in quadrants with 1 degree of freedom (df)
VA
o g cos (o)
+180 to move to 4 +§’ tz
quadrants Il & Ill. ¢ = cos™?! (;)
Slope-intercept Form: y
y=mx+b
Point-Slope Form:
Y= Yo =m(x = Xo) I o
> \z <xy>=<2x0Y,>+t<ab>
Normal Form: 5 <x,y>=<xy+at,y,+ bt > o
Ax+By+C=0 T cosD X where r=(r0+t1;
where Aand B # 0 <ab>=<x,—Xx, V) — YV, > = X0, Y0, 2o 1 _
27 Y2 TN +t(a,b,c) la b] [y] = lc]
Line Calculus Form: - -
y O =+ it 2 2G1= 17
Yyt)=Yo c d f

X~ X _ Y~ Yo _

fG) = f(@)x+f(0)

where m = f’(a)

Intercept Form:

x ¥y
“+2=1
a+b

3D:

zZ— 2z,

a b c

=A_y=)’2—J’1=é
Ax x,—x1 a

— >
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Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

Matrix

Plane

Dot Product of Point-Normal Form:

ny (x = x0) + 1y, (¥ — ¥o)
+n,(z—25)=0

where:
n = (ny,ny,n,) =(a,b,c)is the
normal vector

General Form:
Ax+By+Cz+D =0

Intercept Form:
X y z
—+=+-=1
a b ¢

(r,0,k)
(0<r<owm)
(0<6<2m

where r and 0 take on all
values in their domains

(p,0,k)
(0<p<x)
(0<6<2m)

where p and 0 take on all
values in their domasins

Parametric Form:
X = Xg+Ssu; +tvy
Yy = Yo+ su, +tv,
Z = Zy+ suz+tvs

where:
o (x0,Y0,Z0) is a point on the
plane.

o (uy,Uy,uz)and (vy, vy, v3) are
direction vectors on the plane.

e sandtare parameters that vary
over all real numbers.

Vector Form:
r=ryt+sv+tw

where:

e vandw are given
vectors defining the
plane

® 1 is the vector
representing the
position of an
arbitrary (but fixed)
point on the plane

Point-Normal Form:
ne(r—ry) =0
or
Ny (x = x0) + 1y, (¥ — ¥0)
+n,(z—25) =0

Normal Vector:
n = vy X vy = (Ny, Ny, Ny)
i j k
N=X,—=X1 Y2—=Y1 22— 23
X3 —X1 Y3—Y1 23— 71

Points on the plane:
Py = (x0,Y0,20) = To = (Py)
Py = (x,%1,21)
P, = (x2,¥2,23)
Py = (x3,y3,23)

Vectors on the plane:
vy =(P, — Py)

= (X2 — X1, Y2 — Y1, 22 — Z1)
* v, =(P; — Py)

= (X3 — X1,¥3 — V1,23 — Z1)
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Parametric

Vector

Matrix

Rectangular

Polar/Cylindrical

Spherical

Conics

General Equation for All Conics:

Ax*+Bxy+Cy?>+Dx+Ey+F

=0
where:
Line: A=B=C=0
Circle: A=Cand B =0
Ellipse: AC >0

or B> —4AC <0
Parabola: AC =0

orB*> —4AC =0
Hyperbola: AC <0

or B> —4AC > 0

Note: If A+ C = 0, then square
hyperbola

Rotation:
If B # 0, then rotate the coordinate

system:
r2g=2"C
co = B

x=x"cosO —y'sinf
y=y'cos6+x'sinb

New = (x’, y’), Old = (x, y)
rotates through angle 8 from x-axis

YA

Major axis

Ve R(xl,yl)

Minor axis

Qx2.y2)

L &Y

General Equation for All Conics:

Vertical Axis of Symmetry:
p

rzl—ecos@

Horizontal Axis of Symmetry:

po__ P
1—esind
a(l-e? 0<e<1
Wherep={ 2d for[ e=1
a(e?-1) e>1

p = semi-latus rectum
or the line segment running from the focus
to the curve in a direction parallel to the
directrix

Eccentricity:

Circle e=0
Ellipse 0<ex<1
Parabola e=1
Hyperbola e>1
Parabola ;I);p: LbOIa
e=10 a=25

a=1.0

Ellipse
e=06
a=25

Parabola

e ——p

Crossed Lines

y
. .

LA

| U
\ZA /AN

Hyperbola

Oov ¥

Circle Ellipse Parabola

Hyperbola

Quadratic Form:

2 (B?Z Béz)(;)

+(D E)(;C/)+F

=0

Matrix Form:
xTAgx=0

where
X

+~(2)
1

A
AQ=<B/2 C
D/2 EJ2

B/2 DJ2
E/2>

F
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Rectangular Polar/Cylindrical Spherical Parametric Vector Matrix
Centered at Origin:
2 2 _ .2
Xty =r r = a (constant)
6 = 6 [0,2r] or [0,360°] 2D:
(x-h?+@—-k?=r? lx —m|=r
General Form: 2 zc entered at (1o, §): 2 fth f
: re 4+ ré —2rr COS(9 — ¢) =R X = vector of the points o
Ax? + Bxy + Cyz(;l- Dx+Ey+F 0 0 the circle
_: _ Hint: Law of Cosines m = vector to the center X ( A B/2> X
whereA=Cand B =10 or of the circle ) B/2 C (y) .
= radi
Center: (h, k) T cos(8 — &) x(t) = r cos(t) + h = radivs +@ B)())+F
Vertices: NA -0 p = constant y(t) = rsin(t) + k =0
_ ¢ = constant = 0 . X
y-axis Center: (}il']f) _ c+rcos(t)u det (szz BéZ) >0
4N Fir, 8) Focus: (h, k) + rsin(t) v
A=C
R ¢ = (cr ¢y ;) B=0
r center of the circle
5. @) u, v are two orthogonal
w70 unit vectors in the plane
g palar axi of the circle
o t =[0,2m]
x—h)?+@y—-k)?+(z-1)>
p = constant
Focus and center: 6 = 010,2n] iy Rectangular:
(h,k, 1) ¢ = ¢ [0,27] - X
_ rs H
General Form: Rectangular to Cylindrical Rectangular to Spherical: e z
Ax? + By? + Cz? r=/x%+y? r=yx?ty? '|Z'ZZ / "‘.'/ Cylindrical:
+ Dxy + Eyz + Fxz 6 = arccos - T coS 9
Sphere +Gx+Hy+1z+]=0 Spherical to Cylindrical: (r) =t = , ©)
Y : s T = |rsin (0)
where A=B=C(C>0 p =1 sin () ¢ = arctan (;) RS AR NBre 5
$=9 i 58,
Cylindrical to Rec(tg;gular: z=rcos (0) Cylindrical to Spherical: A Spherical:
X =71coS ) : rsin 0 cos ¢
. r = 2 4 72 5 = theta /2P
y =rsin (6) pp 7 - L L r=|rsinfsing
z=12z 0 = arctan (E = arccos (;) rcos 0
Spherical to Rectangular: o=
x =rsinfcos ¢
y=rsinfsing
z=rcosf
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http://www.google.com/imgres?safe=off&sa=N&hl=en&biw=1287&bih=815&tbm=isch&tbnid=X5STfIPBciE8CM:&imgrefurl=http://library.thinkquest.org/20991/geo/solids.html&docid=eb6vwUkIGv-EiM&imgurl=http://library.thinkquest.org/20991/media/geo_sphere.gif&w=300&h=300&ei=W692UdyrBsr32wWR3IDQBg&zoom=1&ved=1t:3588,r:13,s:0,i:191&iact=rc&dur=773&page=1&tbnh=177&tbnw=189&start=0&ndsp=25&tx=135&ty=41

Matrix

Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

x2 y2

2 =t

2 2
(x zh) +(y k) —1
a b2
General Form:
Ax? 4+ Bxy + Cy?> + Dx + Ey
+F =0
where B> — 4AC < 0 or AC >0

Center: (h, k)
Vertices: (h + a, k)
Co-Vertices: (h,k + b)
Foci: (h+c,k)

Vertical Axis of Symmetry:
a(l-—e?
r=—
1+ecosf

Horizontal Axis of Symmetry:
a(l-e?)
r =—-
1+esinf

Eccentricity:0<e <1

ab

0) =
r®) J(bcos 6)% + (asin6)?

foc

.~ directrices .

Bl paragfeter Latus rectum

Minor axis

Major axis

i linear eccentricity

Co-vertex

x(t) =acos(t) +h
y(t) = bsin(t) + k
[tmins tmax] = [0, 27]

Center: (h, k)

Rotated Ellipse:
x(t) =acostcosd —bsintsinb
+h
y(t) =acostsin@ + bsintcos
+k

x
=c+acos(t)u
+ bsin(t) v

c= (cx, Cy, cz)

2 (Bljz Bf) (;)
+( E) (;) +F

Elli relative to center (h, k) _ , =0
'pse Focus length, c, from center: 6 = the anglf-:’ betv.veen the x-axis and center of the ellipse
¢ = g? — p? y 7 endooint of S the major axis of the ellipse u, v are two orthogonal where
1dp axis ' A unit vectors in the plane A BJ2
Eccentricity: : X of the ellipse det (B/Z C ) >0
c Va?- b? t = [0, 2ms]
e= —= —m48 — f Co-vertex Minor axis Major axis
a a e e e a e e e e Q(x2,y2) R(xLyl)
vergex : .
If B # 0, then rotate coordinate Interesting Note: X
system: The sum of the distances from each 5
A-=C focus to a point on the curve is
cot 260 = 5 constant.
x=x"cosf —y'sin@ X ldy +dal =k
y=v"cosf+x'sinf
New = (x’, y’), Old = (x, y)
rotates through angle 8 from x-axis
x(t,u) = acos(t) cos(u) +h
12¢0520 sin®¢ y(t,u) = bcos(t) sin(u) + k
—Qz z(t,u) = csin(t) + 1
2 _ 12 Y
Ellipsoid (x Zh) + & zk) + < Zl) r?cos?0 r?sin’0 z* r?sin?0 sin¢ _— x—-v)TA Y (x-v)=1
P ¢ b: 1 ¢ a? " b? - ez ! , bz2 [tmins tmax] = [_E'E Centered at vector v
w = [umin' umax] = [-m, 7]
c

Center: (h, k,1)
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Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

\"F]13

ix

2 2
L -5=1
a? b?
(x—h)? (y—k)?
az bz 1
General Form:
Ax*+Bxy+Cy*+Dx+Ey+F
=0

where B> — 4AC > 0 or AC < 0

If A+ C = 0, square hyperbola

Vertical Axis of Symmetry:
a(e?—-1)
r=—-
1+ecosf

Horizontal Axis of Symmetry:
a(e?—-1)
r=—
1+esinf

Eccentricity:e > 1

¢ NEZT B2

Left-Right Opening Hyperbola:
x(t) =asec(t)+h
y() =btan(t) +k

[tminr tmax] = [—c¢, ]
Vertex: (h, k)

Alternate Form:
x(t) = tacosh(t)+ h
y(t) = bsinh(t) + k

wheree = — = A B/2\(x
a a
Center: (h, k) =sech > 1 G ) (B/Z C )(}’)
P . X
Ve;(t;/;?s.(h({ll_ i; CIl(,)k) relative to center (h, k) Up-Down Opening Hyperbola: +(D E) (y) +F
Hvoerbola ’ - x(t) =atan(t) + h =0
yp —eos-1 (- <0 < cos-1 (L y(t) = bsec(t) + k
Focus length, c, from center: e [tmins tmax] = [=C, c] ’
2 _ 24 p2 ’ ’ where
c“=a"+b Vertex: (h, k)
Conjugate Axis A B/2
i . det( 2 C <0
Eccer;tr:atyz: Interesting Note: Alternate Form:
e = ‘- va®+ b° =secH The difference between the distances | tasese s £ x(t) = asinh(t) + h
a a from each focus to a point on the curve (ae0) "o ' y(t) = tbcosh(t) + k
. is constant. i :
If B # 0, then rotate coordinate ld, — d,| = k Hyperbola
14zl =
syster;rl: c General Form:
cot20 = —— p = semi-latus rectum x(t) = Atz + Bt+C
X = cosf — 5,51.11 0 or the line segment running from the y(t) =Dt* + Et +F _
Y=y cosf +x'sin focus to the curve in 7i‘he directions where A and D have different signs
0= i E
New = (x’, y’), Old = (x, y)
rotates through angle 8 from x-axis
x-h? (-k? (-D?
a2 + b2 2
=1
Hyperboloid

x—h?> -k? (-1
@2 B b2 + c?
=1
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Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

Matrix

y=ax?>+bx+c
y=(x—h)?+k

Vertical Axis of Symmetry:
x* = 4py
(x —h)? =4p(y — k)
Vertex: (h, k)
Focus: (h, k + p)
Directrix: y =k —p

Horizontal Axis of Symmetry:
y? =4 px
(y—k)?*=4p(x—h)
Vertex: (h, k)

Focus: (h +p, k)

Vertical Axis of Symmetry:
ed

r=—
1+ecosf

Horizontal Axis of Symmetry:

_ ed
"= 1+esinf

Eccentricity:e =1
andd = 2p

axis of symmetry

latus
rectum
' L

Vertical Axis of Symmetry:
x(t) = 2pt+ h
y(t) = pt? + k (opens upwards)
y(t) = —pt? — k (opens downwards)
[tminr tmax] = [_Cr C]
Vertex: (h, k)

Horizontal Axis of Symmetry:
y(t) = 2pt+ k
x(t) = pt? + h (opens to the right)
x(t) = —pt? — h (opens to the left)
[tmins tmax] = [—c,c]
Vertex: (h, k)

A

(x 3’)<B/2 Bf)(;

+(D E)(;)+F

)

Parabola Directrix: x =h—p directrix =0
Projectile Motion:
General Form: / 1 where
Ax?*+Bxy+Cy?*+Dx+Ey+F x(t) =x0+vxt+(§)axt2 det(B//lZ Bé2> —0
= 0  Interesting Note: Y(£) = yo + vyt — 16¢2 feet
where B“ — 4AC =0 The distances from a point on the Y(6) = yo + vyt — 4.9¢t% meters
orAC =0 curve to the focus is the same as to v = v cos §
. . x =
_ the directrix. v, = vsiné
If B # 0, then rotate coordinate
Y ster;rl:_ C General Form:
cot29=T x =At>+ Bt+C
_ 742
x=x"cosO —y'sinf h y_jth-l_ M;-I_N .
y =19 cosf +x sinf where A and L have the same sign
New = (x’, y’), Old = (x, y)
rotates through angle 8 from x-axis
2 12 _ 2
Paraboloid (x = h) + &=k = CinlD)
a? b? c?
Copyright © 2011-2025 by Harold Toomey, WyzAnt Tutor 7
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Rectangular Polar/Cylindrical Spherical Parametric Vector Matrix
Six) A
Limit }CI_I}Z f(x) =1L
, C fe+h) - F0) d_y_@_@sm9+ rcos 6 dt
f'G) = lim A dx " dx T dr o of _of 10f
1t F(x) = £(C) a0 do‘°s rsin dy 4r ded dx Unit tangent vector or _ 9RCR + R0
! = lim —————= —_ === [ I 0 =
Derivative f'(c) = lim Y —C dx dx -’ Provieecy T(t) 1 of
int: = F 2 5o oA €
G0 = ﬂ _ y’ D, Hint: U;e Zr:tiLiIrclteRule for dt _ T where (0 Rsin(8)d¢ °
dx x=r1cos0 llr @I
B # 0
dy Unit normal vector
2 d (dy d(de)| |N©
Derivative dx \dx/ D dx ax? a(a) =T dx dy _d (d_;v) _dt\dx) _ \Gt/) | = = where T'(t)
= Uxx do dx? dx\dx d_x d_x ”T (t)”
dt dt +0
Riemann Sum:
n
s=). fOOG ~xi1)
i
Left Sum:
1
. (1) f@ +f(a+r—l> +
n 2 1
Fundamental Theorem of Calculus: f (a + ;) ++fb- E)
b
b b b
Integral : Middle Sum: [#@de=f s, | g@de, [ nwan
F(x)=ff(x)dx = F(b) — F(a) 1 1 3 a a a a
a 5‘(5)[f<“+ﬁ)+fl(“+ﬁ)+"'
+f -]
Right Sum:
s= Gl (era) s (er)+
“\n fla n fla n
+£)]
b p d¥)
Double Same as rectangular, but
Integral f f(xy) dx dy F(x,y) — f(pcos,psin)
a c(y)

Copyright © 2011-2025 by Harold Toomey, WyzAnt Tutor
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Parametric

Vector

Matrix

Rectangular

Polar/Cylindrical

Spherical

p Az 9g.2)

Same as rectangular, but

Triple Same as rectangular, but .
. Osin¢
Integral f(x,y,2) dx dy dz x,v.2) — f(pcosd,psing,z f(x, J’.IZ) — f(pcos ,
g Ll e f(x,y,2) = f(pcos,psing,2) 5 sin@sing, p cos p)
if y=sin6 then@ =sin"'y  or 6 =arcsiny
If f(x) = y,then f' (y) = x if y=cos®  thenf =cos™'y or 6 =arccosy
Inverse if y=tan6 then@ =tan~'y or 6 = arctany
Functions Inverse Function Theorem:
f(f'@)= 1 if y=csc@ then =csc™ty  or 8 =arccscy
f'(a) if y=sec8 then@ = sec™'y  or 8 = arcsecy
if y=rcoth then® =cot™*y  or 6 = arccoty
b
L= f 1+ [f'(x)]? dx ﬁRectangular 2D:
a Polar: dx\ 2 dy\?
- [ &) + &)
Proof: dry? 2 t t
: L= f r2 + (—) de
As = /(x —x0)* + (¥ — ¥o)? do
As = J(Ax)? + (Ay)? C=rd=2mnr Rectangular 3D:
d —,/d2+dz Wherer = 1) ¢ [z an: dn
7 P = [ @) + @) + (@)« b
dx? o N
ds = |dx? +dy? (d—xz> L e < a L= [ 1P d
Arc Length x =Ss=T S a
Cylindrical:
dy\* Proof: t2 2 2 2 s(t) = ftll?'(u)ll du
- 24 (22 2
ds \/dx + ( x) dx L = (fraction of circumference) - L = f (ﬂ) + 72 (d_G) + (%) dt 0
> - (diameter) g dt dt dt
d
ds= |dx? |1+ (_y) © rmoecon
d 6 Spherical:
L= (2—)11(27‘) =16 P :
dy 2 T . L B
x ] e ) (2
f (G) +ersimo(g) +o (G
L= fds t;
_|aT
(Z"_’y’ _ yIIZI)Z + - dS
|y11| K(@) _ |T2 + 27"2 — TT‘”l (xIIZI _ ZIIxI)Z +
— - , 3 I ap — aelTa IN2 =1
Curvature 1 +y2) )2 2 +1'2)°2 . O"x—x"y") 3 o ||||7;(;)|||| (See Wikipedia: Curvature)
for r(6) (2 +y?+27)7 m(®
where t) = (x(t), y(t), z(t) _IF® x 7O
7" O

Copyright © 2011-2025 by Harold Toomey, WyzAnt Tutor
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Rectangular

Polar/Cylindrical

Spherical

Parametric Vector Matrix

Ellipse: C = 21 ’a2+b2

Square: P=4s e [ — Em
Rectangle: p=2+2w C Ellipse: C = 4a foz 1 — k?sin?6 df
Perimeter | Triangle: P=a+b+c ~ 1 [3(a+b) —/(3a + b)(a+ 3b)] ) )
Circle: C=nd =2nr C~ (1 3h _(a—b) & k2 (1 - b_>
Ellipse: C =n(a+b) ~m(a+b) ( + 10 + m) (a+Db)? a?
Square: A=s? F; s
Rectangle: A=lw 1 = j g@® f'(®) dt
Rhombus: A=%ab A= _[ 2 QIR a
Parallelogram: A = Bh a where f(t) = x and g(t) =y
Trapezoid: 4 =Bt5) where 1 =1 (6 or
pesois R . x(t) = f(t) and y(t) = g(t)
Kite: A = 172
Triangle: A=%Bh Simplified
Triangle: A =% ab sin(C) G=hb (t)
Area Triangle using Heron’s Formula: f y(t) ——= dt f f
A= \s(s—a)(s—b)(s—c)
B _a+ b+c
where s = — 0l Proof:
Equilateral Triangle: A = V4\/3s2 b
Area of a sector where arc length s = f f(x) dx
Frustum: A= (BI+BZ) h ro: a
3\ 2 1 y=flx)=9(t)
Circle: A=nmr? A:fsdr: fr@ dr = —12%0
Circular Sector: A =% r?0 2 df ()
Ellipse: A =nab dx = d—dt = f'(t) dt
For rotation about the x-axis: For rotation about the x-axis:
SA=f27ry ds SA = ony ds
Cylinder: SA =2mrh
Lateral Cone: SA =nrl For rotation about the y-axis: For rotation about the y-axis:
Surface b SA = f 2mx ds Sphere: SA = 4nr? SA = onx ds
A
red SA = anf(x) 14+ [f'(x)]? dx
) ds= |r2+ (dr) a9 ds = (dx)z + (dy) dt
=07 T \ae *= Jat dt
r=f(0), a<0<p ifx=f®),y=g9®,a< t<p
. - 2 . .
Cube: SA =65 Ellipsoid: SA = J'i xJnSin[E'] y"lhz ci Bin[B]iCos[p]i+al et Zin[0]f Sin[¢]f +altbi Coz[0]! Ao dy =
Rectangular Box: SA = 2lw + 2wh + 1, a Jo
Total | 2hi i <apbp +aPcP + bpcp) 2 : Joa
N :  z N
Surface Regular Tetrahedron: SA = 2bh 3 Ellipsoid: S = 27 [C * = ot ELLpticF[8, m] +b+f a® -c* ELLIpricE(S, u]
Area Cylinder: SA =2nr (r+h) Where p ~ 1.6075, 2t oy =
Cone: SA=nr?2+nmrl =nr (r+ I) |Relative ET‘TOT| < 1.061% = ﬁ; 5= Arcsin[ 1- — ] ra=zh=c
Sphere: SA = 4mr? (Knud Thomsen’s Formula) where b® (af - cf) a

Copyright © 2011-2025 by Harold Toomey, WyzAnt Tutor
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Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

Matrix

For revolution about the x-axis:

For revolution about the x-axis:

For revolution about the x-axis:

‘ dy z ; dry? ‘ dx\* dy z
— el — 2 = — ot =
A—anf(x) 1+(dx) dx A anrcosa ré+ (d@) do A, ZnJy(t) (dt) + (dt) dt
a a a
st
For revolution about the y-axis: For revolution about the y-axis: For revolution about the y-axis:
i dx® A dry? ‘ dx\?  dyy?
A=2nfx 1+<@) dy A=2njrsin9 r2+(ﬁ> do Ay:2njx(t) (E) + (E) dt
a [04 a
Cube: V=s
Rectangular Prism: V = lwh
Cylinder: V = nr’h
Triangular Prism: V = Bh
Tetrahedron: V =% Bh /. pap
Pyramid: V =% Bh @
= 14 lwh psingcosf, J L
Volume Cone: V =Y Bh ff ff(r cos @ ,rsin6,z)r f f f f <p sin @ sin6 ,) P f”’psmd'
= Y r2h dz dr df p cos @ ST V= gn\/det(A‘l)
Sphere: V=2n3 « p¥sing dp de df d
Ellipsoid: V =2 nabe AB

ffff(x,y,z)dxdydz
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Rectangular

Polar/Cylindrical Spherical

Parametric

Vector

Matrix

Volume of
Revolution

Disk Method
vV

b
= J (area of circle) d(thickness)
a

Rotation about the x-axis:
b

V= f 7 [f (02 dx

Rotation about the y-axis:
d

V= fﬂxzdy

c

Disk of Rotate

A 4

—dx—

Washer Method

Rotation about the x-axis:
b

V= [ m R - g1 dx

a

(Disk Method twice)
V' = Vouter pisk — Vinner pisk

Shell Method

|4
b

= f (circumference) (hight) dx

a

Rotation about the y-axis:
b

V= f 2nx f(x) dx

a

Rotation about the x-axis:
d

V=f2ﬂyg(y) dy

c

(@) (b) ()

(CY

_ o
= B

f(x)

Cut line

27X}

fix)

(b)
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Rectangular Polar/Cylindrical Spherical Parametric Vector Matrix
N a (b dm )i
Moment of I=Zm-r-2= mr?dr ]=fr2dA=f(x2+y2)dA M : =" S :
-, Z, i 1§ ; J J 3 _ f J' f p(r) d(r)? AV (r) (see Wikipedia: Moment of Inertia)
J=1+1, Wk y
; . 3D for Continuous:
. 3D for Discrete:
1D for Discrete: 2D for Discrete: f N 1 (M 1
N N 1 X=— | xdm R=— fr dm
1 M =Zm~x- xcmzxzﬁzmixi Mo M
R = M Z m; 1; y [ =1 B M ]
Center of =1 . i;1 L N y= W y dm 1 - %
M where M = ;L. m; =—=_Z Yy 0 R=—fffpr rdv ©
ass i=1 ™My szzmiyi Yem =Y M i=1mlyl Z_:l Mde M p @ @
_ MmyXy +mpx; M =1 M 1 N M J, where 1 is distance from coniee
Xem = — m, + m, X = ﬁy, y= ﬁx Zem = Z = M Z m; z; where M = f(j" dm the axis of rotation, not
i=1 and dm = p dz dy dx origin.
Xv“ ~_ (VF()) + v = Dyf (x)
Vf(p; d)' Z) = Vf(r: 9, d)) = i’%}?:“\g\ /\,\y,\ >
Gradient Vf = gi + g j + ﬂk | ‘S\\\l&f&“%
ax ay] aZ ﬂe +lge +ge ge +lge + 1 ge ‘ §\“ \ ’6 Vf: %e.e.
ap P pap ¢ oz ? or " rae ° rsinoap ¢ i ax;
where f = (f1, f2, f3)
b
Line Integral ff(x; y)ds = ff ds = f fr@®) '@l dt
c c a
(Contour b b
Integral if dx\? dy\? fF(r) edr = f F(r(t))e r'(t)dt = F(b) — F(a)
complen) | | 1 ”J (@) *+ (&) @ c )
a Fundamental Theorem for Line Integrals
ff ds =
s jv ods =
Z x = S
f f(x(s,0)) |6 x = ds dt
Where x(s,t) = f
° ds =
Surface (x(s, t),v(s,t),z(s, t)) S(v n)
Integral and
ox 0x ff
P —) = vix(s,t
(65 % 6t) v(x0)
dx Ox
(202 2 a(x.y>) (55 % 3r) s
(s, t)  a(s,t)’ d(s,t)
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