Harold’s Algebra

Cheat Sheet
10 October 2025
Arithmetic Operations (+, —, ¢, <)
Property Equation Tips
Commutative aa+ Z i II; +aa Reordering does not change the answer
Associative (a(z b[),)-'_ z Z Z +(l(,b j)c) Regrouping does not change the answer
Distributive a(bt+c)=ab +tac Extract common terms (a)
0= No change
Identity il 1 __;1 0 plus anything = anything
- 1 times anything = anything
Unit (anythlng) Used often
Y anything Assuming anything # 0
Sum (Addition) a .\ ¢ ad+be Naeedda comr:onl;:lenor;énitzrc
Difference (Subtraction) b—d  bd (E) (E) + (E) (E) = hd
. a ¢ ac Multiply numerator with numerator and
Product (Multiplication) b d bd denominator with denominator
Quotient (Division) a - c_9. E Invert and multiply
- b cd b ¢
Cross Multiplication If 573 then ad = bc Used often
b ab Seta = %, then
Variable X Fraction a (E) =— multiply numerator with numerator and
denominator with denominator
a _ac
Variable + Fraction @ ~p Invert ( ) then multiply
b a b
Distribute Denominator at _a,° c divides both sides of the numerator
c c ¢
Multiplying both the numerator and
] ] a—b b-a }
Swapping Signs = denominator by (-1) cancels the
c—d d-c negatives
ab + ac
Cancelling Terms =b+c Assuming a # 0
a
a
| | () _ad
Fraction over a Fraction ToN = be Invert the denominator then multiply
(@
a N
9 !
. (E) adfg (N) NNNN
Fraction from Hell e heeh D\ = DDDD
) @)
() ()
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Exponents (a?)

Property Equation Example \
Product Rule aa™ = a"t™m ala?=(a-a-a)(a-a)=ada**?=d"
Power Rule (am)™ = g™ (a3)2 =(a-aa)a-a-a)= a3? = g6
Zero Power a® =1 By definition assuming a # 0

1
Negative Powers “ s an 273 = t_1
1 2378
a™m
n 4 e IR I
Quotient Rule a_=an-m= 1 2 =2 2:2 2: 4-3 =921 9
am am-—n 23 2:2:2
Product Distribution (ab)™ = a™b"
a\™ a"
tient Distributi -] =—
Quotient Distribution (b) o

Fractional Powers

Negative Powers

Domain

The domain of a* is
(—OO, 00)
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Radicals (Va)

Property

Fractional Powers

Equation
1

n —_—
a=an

Example
1
V2=23

Power Rule
(Nested Roots)

[z=12=12

Product Distribution

Vab = Va Vb

NTa= 237

Quotient Distribution

Va

b

STa

402 ‘{/E

3 3

Odd YVa™ = aifnisodd 0Odd powers always keep their sign
Even roots of even powers can be both
Even Va™ = +aifniseven positive and negative.
Substitute to check if each solution is valid.
L2 ]
X5
>
4
3
Domain The domain of Vx isx > 0 2

-1 0o 1 2 3 4 5 6 7 8 9 10
X-axis

Copyright © 2024-2025 by Harold Toomey, WyzAnt Tutor

3




Logarithms (log,, x)

Property Equation Example
Definition bY =x < log,(x)=y Pulls the exponent down to level
Example 53 =125 < logs(125) =3 Logs make large numbers very small

Natural log In(x) = log,(x)
In = Logarithme Naturel (French) where e = 2.718281828 ...
Special Logs Common log log(x) = log;y(x)
Computer science log log(x) = log,(x)
Pre-1950 US math textbooks log log(x) = log,(x) = In(x)
Rules Common Natural
Trivial Identities iggzgg z (1) 528; z (1) Zi i I;
Cancelling log, (b*) = x In(e®) = x Inverse function f(f~1(x)) = x
Exponentials plogn(®) = x ent) = Inverse function f~(f(x)) = x

Exponential Rule

log,(x") = Tllogb (%)
log,(Vx) = ;logb (x)

(am)™ = g™

1
Convert V/x to x first

ata™ = gntm
Product Rule logp (xy) = logy(x) + log, () Basis of slide rules
X n
Quotient Rule logy, (—) = logp(x) —log, (¥) a - ahtm
Yy am

Change of Base log, (b) = log.(b) c is the new base
g 8al2) = e (@) TI-84: [MATH] [MATH] [A:logBASE(]
1
Base Switch log, a = Can use instead of TI-84 function
log, b

Obscure Rules

xlogry — ylogbx

logp(a £ ¢) = log,(a)
+ log,, (1 + E)
—a

Useful in probability theory

Domain

The domain of log, (x) isx > 0
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Factoring Formulas

Description

Equation

x% +a? = (x + ai) (x — ai)
x2—a?=(x+a)(x—a)

(x +a)? = x% + 2ax + a?

F o ! L

First Outer Inner

5%

2x + 3)(4x -5
(x+\)(jx )

adratic
Qu I (x —a)? = x%? — 2ax + a?
(2x)(4x) + (2x)(-5) + (3)(ax) +
(x+a)(x+b)=x?+(a+b)x+ab 8x2 — 10x + 12x
(x—a)(x—b)=x*>—(a+b)x+ab —
combine
8x? +2x—15
3 _ .3 2 2 3
g t 33 _ §3 t 22; I ggzi i 23 Binomial expansion (Pascal’s Triangle)
Cubic

x3+ad=((x+a)(x? —ax +a?)
x3—a=(x—a) (x* + ax +a?)

Notice one ‘—‘ and two ‘+’ for both

Even Powers

x2" + a2” = (a" — ix™) (a™ + ix™)

The top equation is not often used

Visual Method

x2 —a?" = (x™ — a™) (x™ + a") since it requires imaginary numbers (i)
x"+a*=(x+a)(x" ! —ax®? +a?x"3 — . —@"2x + a™ 1)
Odd Powers x"—a"=(x—a) " T +ax"?+a’x" 3+ +a"2x +a* )
(2x £ 3]5) (x £5]3)
Four possibilities to get middle-term:
ﬁ;‘gt;:;ms 2x%+13x + 15 1. +3 Selectone3
2. =3
3. 45 Selectone5
4, =5
2
242 +18ly + 15 2x% +13x + 15
i X 5
P S i &
2x2/ | 10x . 5 2x| 2x? 10x
Box Method -
¥ v v
3x 156 £ 8 3x 15
(x +5)(2x + 3)]......
(@b? = & + 2ab + b2

+ 3a’h +

o9

-1 |
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Quadratic Formula (x?)

Description
Quadratic Formula Form

Equation Notes

ax’>+bx+c=0 Remember, b and ¢ can be negative.

Quadratic Formula

X

e Vb2 —4ac > 0: two real unequal roots

_ —b ++Vb?%—4ac | e +b%—4ac = 0: repeated real roots

2a (multiplicity of two)
e Vb?% —4ac < 0:two complex roots

Completing the Square

Start with the quadratic formula form
ax?>+bx+c=0
Divide both sides by a

b c
2 _ — ) =
x2 + <a>x + (a) 0

Subtract the constant on the left to move it to the right side

x? + (é)x =— (E)

a a
Cut the middle term in half, square it, then add it to both sides
b b \? c b \*
2 v Y (s el
o (a)x * (Za) (a) + <2a)

Use an identity to factor the left side

a? + 2ab + b? = (a + b)?
2

[+ G2l - () -OG)
*T\24)] T \2a a’ \4a
Take the square root of both sides
b b2 — 4ac
LA R
2a 2a
Solve for x by subtracting the constant on the left to move it
to the right
_—b* Vb2 — 4ac
_ 2a

X

Vertex

Vertex: x = —b/2a
Finds the minimum / maximum of a parabola.

o [cx™] = cnx™t

Calculus method: Power Rule

-

ll—"N‘lC:O-b

No x-intercept

3&

=X

=
o
[y
M
=Y

¥ i
One x-intercept Two x-intercepis
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Cubic Formula (x3)

Description
Cubic Formula Form

Equation
ax3+bx?2+cx+d=0 Coefficients must be integers

Cubic Formula

b

v = et T TP+ e~ VT T o
_(bc d b3
®“\6az 2a 2743

(c b2
f“(%‘m)

Find x, and x5 using the quadratic formula.

where

Inequalities (a > b)

Property

Equation

Inequality Symbols <,<,=,%F,2,> # <>, =
sum a<b

=a+c<b+c
Difference a<b

=a—-c<b-c

Product (Positive)

a<bandc>0

= ac < bc Multiplying or dividing by a positive
a<bandc>0 number does not change the inequality
Quotient (Positive) a b direction
=—-<—
cC ¢
. a<bandc<0
Product (Negative) = ac > bc Multiplying or dividing by a negative
a<bandc <0 number changes the inequality direction
uotient (Negative a b eg,c=-1
Q (Negative) N (e.g )
c ¢
Inequality Notation Interval Notation Number Line Graph
e
asx [a,OO) T T T " T " T " T " T " T " T "1 "7 "1 7]
0 1 2 3 4 5 6 7 8 9 10 11 12
a<x (a,») L L L L L L L L L AL BN LA
a>x (—,a] (LA LA LA L B S B B B BN NS B
0 1 2 3 4 5 6 7 8 9 10 11 12
0
a>x (_m’a) [IIIIIlI‘IIII|II|I|I|II[I
0 1 2 3 4 5 6 7 8 9 10 1 12
L .
asx=<b [a,b] 012345 671 R U BB BAD
o 0©
a<x<b (a’b) lll'\IIllIIlTIIlIIIlTIIlII
— [ —
a=x=b (—o0,a] U [b, ) [ L L L L L L L L B N N
(] 1 2 3 4 5 6 7 8 9 10 11 12
i O >
a>x>b (Coaulbo) | i T e hbhbhrunm
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Absolute Values (|a|)

Property Equation Notes
N _(aifaz=0 . . . .
Definition la| = {—a if a <0 Simply strip away the minus sign
> A i
Observations la| =0 re never negatlye
| —a] =|a] We care about the magnitude only

Product Rule lab| = |a| |b|
Quotient Rule |E| = M

bl |b]
Solving lax + b| = ¢ Positive Case: (ax+b) =c¢

Negative Case: —(ax + b) = ¢

X Y
Z<X+Y
la + b| < |a| + |b]
Triangle Inequality X y
la — bl = [|a] — b / e
£
X ¥
e R ——
zZ=X4+Yy
Distance Formula
Property Equation
d= \/(xz —x1)% + (y2 —y1)?
Distance Formula
Same as Pythagorean Theorem
c? =a%+bh?
(T2, y2)
B
;yz — U

Graph

(z1,y1)

A [

d= \/(562 —21)° + (y2 — y1)*
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Complex Numbers (a + bi)

Property \ Equation [\ [o] (=1
i=+-1 =1
Imaginary Number i?=-1 (At =
(Adjacent Number) 3=_—i=—-/—1 Atz — 1
l'4- =1 l-4n+3 = —
Usage V—a =iva Assuming a = 0
Complex Number a + bi Real + Imaginary
Sum (a+b))+(c+di)=a+c+ (b+d)i
Difference (a+bi)—(c+di)=a—c+ (b—4d)i
Product (a+ bi) (c +di) = ac — bd + (ad + bc)i
. c c (a—bi) c(a—Dbi)
Quotient (@+b) (@+b) (a—bi) 2+
Conjugate (a+bt) =a—bi (a—b1) = a+ bi
Modulus la + bi| =/ a? + b? Distance from origin (0, 0) to (a, b)

a? + b? = (a + bi) (a — bi)

Squares
quar la + bil? = (a + bi) (a — bi)
Euler’s Identity e™+1=0
'“ Fu'\
imaginary
axis
|72 z=x+iy
Graph

real axis
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Conic Sections

Line

Description

Slope

rise

run
=}’2—}’1=ﬂ
X, —x1 Ax

Circle Hyperbola

Crossed Lines

Py = (x1,¥1)
Py = (x3,¥2)

Passes through points P; and P,

Standard Form

ax+by+c=0

Where a is positive

y=mx+b b is the y-axis intercept
Slope-Intercept Form fx)=mx+5»b Passes through point (0, b)
Point-Slope Form YV —yo =m(x — xp) Manipulation of the slope formula
x Y a is the x-intercept
—+=-=1
Intercept Form a b b is the y-intercept
Vertical Line xX=a Passes through point (a, 0)
Horizontal Line fg]x)z—b b Passes through point (0, b)

Domain

The domain of
y=mx+b
is (—o0, c0)
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Circle

Description

y-Axis Symmetry

x-Axis Symmetry

X2 + y2 = 12
Standard Form (x — h)? + %Iy — k)2 = r2 Same
r
Radius Same
r =40 — R+ (v, — k)?
Center (h, k) Same
Vertices None Same
Focus (h, k) Same
Radius, r/”
Graph Same
Parabola

Description

Standard Form

y-Axis Symmetry
y=ax?+bx+c
f(x) =ax®*+bx+c

Xx-Axis Symmetry
x=ay?’+by+c
gy) =ay’+by+c

Vertex Form

y=alx—-h)?*+k

x=aly—k)?*>+h

Factored Form y=ax-—-r)x-—nm) Roots 1,1,
. x? = 4py y? = 4px
Graphing Form
phine (x = h)? = 4p(y — k) (v — k)2 = 4p(x — h)
Vertex b b b b
24 (2)-2)
2a 2a 2a 2a
Focus (h,k +p) (h+pk)
Directrix y=k—p x=h—p
Direction Opensupifa >0 Opens rightifa > 0
Opens downifa <0 Opens leftifa < 0
'? S:rl:jﬂ::w ' Dlrectrix
L
Graph
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Ellipse

Description y-Axis Symmetry x-Axis Symmetry
xZ 2 2 xZ
2t Etp=t

Standard Form (x—h)? (y—k)? b —k)?  (x—h)?
a2 + h2 1 02 + bz 1
Center (h, k) (h, k)
Vertices (h+ak) (h,k + a)
Co-Verticies (h,k £ b) (hxb,k)
Foci (h+c k) (hk +c¢)
Focus Length c? = a®— b? c? = a? — b?
Warlex
Ca-VYailsx | U
o Werax Co-Yartay

Co-Yarax

Fiacus
Weart e

The sum of the distances from each focus to a point on the curve is constant. |d, + d,| = k

Hyperbola
Description y-Axis Symmetry x-Axis Symmetry
Y yi_xX_

2 2 2 2

Standard Form (x— hc)lz ?y B2 (v — k‘)lz I()x _hy?
a2 pz_ 1 2 pz 1

Center (h, k) (h, k)
Vertices (h+ak) (h,k + a)
Foci (h+c k) (h,k +¢)

Focus Length

c? = a®+b?

c?> = a’ + b?

b a
Asymptotes y=k+ (5) (x —h) y=kzt (E) (x—h)
Direction Opens left/right Opens up/down
L3 Azymplotes 2
. ‘-' ~ 'f"
-\-.___ CD.-.-im - /\"4'\ Vnﬂv; %
ol asymplote T =21 symplote

Graph Cao-Varex ; Co-Verter

|d1_d2| =k

The difference between the distances from each focus to a point on the curve is constant.
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Factors and Zeros of Polynomials

Let p(x) = ax" + a, x" '+ - - -+ a;x + a, be a polynomial. If p(a) = 0, then a is a zero of the
polynomial and a solution of the equation p(x) = 0. Furthermore, (x — a) is a factor of the polynomial.

Fundamental Theorem of Algebra

An nth degree polynomial has n (not necessarily distinct) zeros. Although all of these
zeros may be imaginary, a real polynomial of odd degree must have at least one real zero.

Quadratic Formula
If p(x) = ax*> + bx + ¢, and 0 < b? — 4ac, then the real zeros of p are x = (—b + VB — 4ac)2a.

Special Factors
x*=a’=(x—-a)x +a) ¥ =a*=(x—a)x®+ax + a?

B¥}+ad=(x+ax®—-ax+ a?) x%—at = (2 —a®)x*+ a?)

Binomial Theorem

Gty = 224+ 2y + 57 & —y)? =22 —2xy + »?
(x+y3=x+ 3% + 3y + y} (x — )= 23—3y + 3xy2 —?

(x + y)* = x* + &%y + 6x%? + 4xy® +y* (x — y)* = x* — 4%y + 6x%% — 4xy® + y*
(x+y)n=xn+nxn—ly+#xn—2y2+. . .+nxyn—l+yn

(x _y)n = x" — nxn—ly + wxn—%ﬂ P nxyn—l o= yn

Rational Zero Theorem

Ifp(x) = ax" + a, x" '+ - - - + ax + a, has integer coefficients, then every
rational zero of p is of the form x = r/s, where r is a factor of a, and s is a factor of a,.

Factoring by Grouping
acx® + adx® + bex + bd = ax¥cx + d) + blex + d) = (ax® + b)(cx + d)

Arithmetic Operations

a ¢ ad+bc at+b a b
ab + ac = alb + ¢) b 7 . e
) b
_=(£)(é)=ﬂ \b) _a _a__ac
g) b be c be (2) b
d c
a—b b—a ab + ac
( ) c—d d-c¢ a =RTe
Exponents and Radicals
=1, a#0 (ab)* = a*b* aa@ = a*"y Ja = a'? g = g*~y 2a = a'/
ayY a* 1 \/; “/a
) N—_ . n —_ m/n - n - n p—— P
(b) e Ya™ =a a - 2/ab = Ya /b (@) =a Y
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